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Abstract 
A semi-analytical model has been developed to study a 
combined effect of Beamstrahlung due to beam-beam in-
teraction and beam coupling impedance in the future lepton 
colliders CEPC and FCCee. This model allows evaluating 
an impact of the coupling impedance on the bunch length 
and energy spread in collision. The model is benchmarked 
against numerical simulations. Analytical estimates for the 
supercolliders are presented. 
INTRODUCTION 
   In order to perform very high precision physics experi-
ments the future supercolliders FCCee [1] and CEPC [2] 
are going to exploit the Crab Waist (CW) collision scheme 
[3, 4] to push their luminosity. Due to tiny sizes of intense 
beams to be used in collision the Beamstrahlung (BS) ef-
fect becomes important leading to a substantial bunch 
lengthening and energy spread increase [5]. In the crab 
waist collisions with a large Piwinski angle the bunch 
length increase results in the luminosity reduction while 
the energy spread affects the experiment energy resolution.  
In turn, the beam coupling impedance is also responsible 
of the bunch lengthening and in addition it can result in the 
energy spread increase if the microwave instability thresh-
old is exceeded. Moreover, the imaginary part of the im-
pedance reduces the synchrotron frequency due to the po-
tential well effect (see, for example [6]) and the collision 
working point is to be re-optimized to compensate this 
shift.  
   The interplay of the both effects can change substantially 
final values of the bunch length, the energy spread and the 
synchrotron tune. For example, the energy spread due to 
BS can suppress the microwave instability and the longer 
bunch will produce a weaker wake potential. On other 
hand, the impedance related bunch lengthening is expected 
to reduce the BS effect strength.  
The 3D self-consistent numerical simulations of the 
combined effect of beam-beam interaction and the beam 
coupling impedance require a huge computational time [7]. 
In this paper we present a semi-analytical model that al-
lows evaluating the bunch length, energy spread and the 
synchrotron frequency in a much shorter time. The results 
obtained for FCCee and CEPC by using the model are 
compared with available numerical simulations data. 
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ENERGY LOSS DUE TO BS 
Let the electron and positron bunches colliding at the 
crossing angle θ << 1 contain N particles each, and σx, σy, 
and σz are their horizontal, vertical, and longitudinal sizes, 
respectively (see Fig.1) 
 
Figure 2 — Collision with a large Piwinski angle 
In order to estimate the average particle energy loss due 
to radiation in the collective field of the oncoming bunch 
(BS), we use the approach developed by one of the author 
in [8, 9]. It is based on using the Takayama’s potential [10] 
of a 3D Gaussian charge distribution. The BS energy losses 
are calculated in the rest frame of the oncoming bunch, and 
then recounted in the laboratory system. For the isolated 
case of a head-on collision, loss averaging is performed 
over all particles of the test bunch. For a nonzero but small 
crossing angle, averaging is limited, for simplification, by 
the region of the central cross section of the bunch. In the 
latter case, the ratio of the average loss to the initial particle 
energy is found from the equation (σz >> σx , σy ) [9]. 
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Here  re is the classical electron radius;  γ - relativistic fac-
tor of beam particles; 
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represents a generalized Piwinski factor. When t = t’ = 0, 
Ω takes the known form: 
𝛺(0,0) = √1 + (
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)
2
≈ √1 + 𝛹2. 
 
The numerical evaluation of the double integral in (1) 
takes less than a minute on a conventional PC. The formula 
(1) allows estimating the influence of BS on the formation 
of the longitudinal beam size and energy spread in super-
colliders [11]. To this aim, the approximation of the inter-
action region in the form of an equivalent magnet with 
some effective values of the field and length can serve as 
the simplest model. In the theory of synchrotron radiation, 
losses in such a magnet are proportional to the product of 
the square of its field by the length. At large Piwinski “an-
gle” 𝛹 >> 1 as it takes a place in the Crab-Waist interaction 
region of the supercolliders, the size Leff = 4x/ (see 
Fig.1)) can be approximately considered as a full effective 
length of the “magnet”. 
The model assumes that the beams retain their shape and 
sizes. In reality, there is an increase of the transverse bunch 
sizes at distances comparable with or larger than 𝛽𝑦
∗  (𝛽𝑥
∗), 
the vertical (horizontal) beta function value at IP (hour-
glass effect). This occurs vertically, starting from rather 
shorter distances, in comparison with the horizontal direc-
tion, since the vertical beta function is much smaller than 
the horizontal one. To verify this effect, the growth rate of 
losses was calculated depending on the distance of the cen-
ter of the test bunch to the IP with and without taking into 
account the corresponding change in vertical size at the 
FCCee example [9]. This numerical experiment demon-
strated the almost complete insensitivity of the model to 
the hour-glass, which can be explained by the hierarchy of 
bunch sizes and the fact that the beams intersect in the me-
dian plane. 
BUNCH ENERGY SPREAD AND LENGTH 
WITH BS 
To determine the steady-state beam energy spread and a 
self-consistent estimate of the length σz as a result of BS, 
we use the equation of radiative diffusion of the particle 
energy taking into account radiative damping [12]: 
𝑑〈𝐴2〉
𝑑𝑡
= 𝐷𝛾 − 2
〈𝐴2〉
𝜏𝐸
. (3) 
Here <A2>  is the average square of the energy oscillation 
amplitude in a beam ; τЕ is the corresponding damping 
time; Dγ is a sum of the coefficients of diffusion due to syn-
chrotron radiation (SR) in the bending magnets and BS in 
the interaction points (IP): Dγ = DBS+DSR. The DSR value 
was taken based on the design data of the collider magnetic 
structure. The DBS was estimated by the formula:  
𝐷𝐵𝑆 = 𝑛𝐼𝑃𝑓0𝐶𝑢𝑢𝑐𝑃𝛾
𝐿𝑒𝑓𝑓
𝑐
       (4) 
with 𝑛𝐼𝑃 a number of the interaction points which are con-
sidered identical to each other (in our case 𝑛𝐼𝑃 = 2 ); 𝑓0 the 
revolution frequency; 𝐶𝑢 = 1.32 ; 𝑢𝑐 = 3ℏ𝑐𝛾
3/(2𝜌) the 
characteristic radiation quantum in the “long magnet” ap-
proximation; 𝑃𝛾 = 𝑐𝐸𝑈𝐵𝑆/𝐿𝑒𝑓𝑓  the power defined through 
the energy loss for BS (4); 𝐿𝑒𝑓𝑓  the “equivalent magnet” 
length determined in the section above; 𝜌 =
√2𝜋𝑃𝛾/(𝑐𝐶𝛾𝐸4)  the curvature radius of particle trajectory 
in the “equivalent magnet”. In study of the BS spectrum, it 
was shown [13] that the approximation of a “long” (ordi-
nary) magnet still remains relevant as applied to the present 
projects of supercollider. It does not need to be changed to 
the “short magnet” model. 
Since 𝑈𝐵𝑆 in (1) depends on the beam length 𝜎𝑧, and that 
in turn is proportional to the energy spread 𝜎𝐸, the station-
ary solution (3) is found from the transcendental equation 
𝜎𝐸
2 =
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with 
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𝜈𝑠𝜔0
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𝛼𝑝  is the momentum compaction factor and 𝜈𝑠  is the syn-
chrotron tune, 𝜔0 = 2𝜋𝑓0 . The system of equations (4) - 
(6) is solved iteratively, which gives self-consistent values 
of the beam length and energy spread taking BS into ac-
count. It is assumed that the beam transverse dimensions at 
IP remain constant.  This is true, firstly, because with the 
nominal beam parameters the beam-beam limit is not 
reached. Secondly, due to zero dispersion in the interaction 
region, BS does not lead to an additional increase in the 
transverse emittances. 
The results of our calculations of the energy spread 
and the bunch length at the energies 45, 80 and 120 GeV 
for CEPC and FCC-ee are summarized in Table 1 and Ta-
ble 2, respectively. For comparison in Table 1 we give the 
data provided by Yuan Zhang for CEPC [14] while in Ta-
ble 2 the results for FCCee calculated by Dmitry Shatilov 
using the known LIFETRAC code [15,16] are shown. 
Table 1. 
CEPC 
E[GeV]  45.5  
Z(2T) 
45.5  
Z(3T) 
80   
W 
120  
Higgs 
Beam-Beam simulation by Y. Zhang 
σE 0.00110 --- 0.00146 
σz, mm  7.0 --- 4.0 
Semi-analytical model (SR+BS) 
σE 0.00108 0.00108 0.00111 0.00137 
σz mm  6.8 6.8 4.9 3.7 
     
Table 2. 
FCCee 
E [GeV] 45.6  80  120  
FCCee CDR  
σE  0.00132 0.00131 0.00165 
σz [mm] 12.1 6.0 5.3 
Semi-analytical model (SR+BS) 
σE 0.00135 0.00130 0.00166 
σz [mm] 12.4 5.9 5.3 
 
The reported numerical and analytical results are in a 
satisfactory agreement. However, these values do not take 
into account the bunch lengthening due to the beam cou-
pling impedance. 
COMBINED MODEL WITH BUNCH  
LENGTHENING 
Since most of the bunch lengthening in both CEPC [17] 
and FCCee [18] is due to the potential well distortion be-
low the microwave instability threshold, at each iteration 
step we can include the impedance related bunch lengthen-
ing by calculating the synchrotron frequency variation in 
(6) due to the imaginary part of the impedance [19] 
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with ?̂? the Fourier transform of bunch line density and ?̂? 
the amplitude of synchrotron oscillations.  
    If for simplicity we assume that the total bunch length-
ening is determined by pure inductive impedance then the 
following self-consistent solution can be found. For a 
Gaussian bunch 
𝑍𝑝𝑜𝑡 =
√2𝜋
(𝜔0𝜎)
3 ∙ 𝑍𝑐 ,        (8) 
𝜎 = 𝜎𝑧/𝑐.The quantity 𝑍𝑐   does not depend on bunch 
lengthening, i.e. remains constant, and can be determined 
from the equation describing the lengthening effect in the 
case of no beam collision [19]: 
𝑥0
3 − 𝑥0 −
𝜉
2𝜋
𝑍𝑐 ∙
√2𝜋
(𝜔0𝜎𝑆𝑅)3
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with 𝑥0 = 𝜎0/𝜎𝑆𝑅 , any known ratio of the increased  beam 
length 𝜎𝑧0 = 𝑐𝜎0 to the length 𝜎𝑧,𝑆𝑅 = 𝑐𝜎𝑆𝑅  determined by 
radiation in bending magnets (SR). The parameter 𝜉   de-
pends on the bunch current 𝐼𝑏: 
𝜉 = 𝛼𝑝𝑒𝐼𝑏/𝜈𝑠
2𝐸.         (10) 
So, the 𝑍𝑐 constant is defined by the equation 
𝑍𝑐 =
√2𝜋
𝜉
(𝑥0
3 − 𝑥0) (𝜔0𝜎𝑆𝑅)
3.      (11) 
Below the microwave threshold the inductive impedance 
decreases the synchrotron tune and, accordingly, increases 
the bunch length without affecting the energy spread. At 
the same time, the BS seeks to increase the energy spread 
and thereby lengthens the bunch, depending on the syn-
chrotron tune variation.  Under equilibrium conditions, 
there must be a self-consistent solution for all the three pa-
rameters of that interplay. Let 𝑥 = 𝜎/𝜎𝑆𝑅 be a steady-state 
lengthening ratio in such conditions. Considering (8) and 
(11), the equation (7) can be rewritten in the form 
𝜈𝑠
2 = 𝜈𝑠0
2 (1 −
𝑥0
3−𝑥0
𝑥3
) .         (12) 
Given the contribution of BS to the diffusion coefficient, 
we have from the equation (6) 
𝑥2 =
𝐷𝐵𝑆+𝐷𝑆𝑅
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2
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Combining (12) and (13) gives an equation for a self-con-
sistent solution for lengthening a bunch: 
𝑥3−𝜂𝑥
𝑥0
3−𝑥0
= 1 .          (14) 
It is easy to see that at 𝜂 = 1  (no BS) the equation (14) 
takes a well-known form, describing the lengthening  ver-
sus bunch current below the turbulence threshold (𝑥0
3 −
𝑥0 ∝ 𝐼𝑏). 
In principle, an iterative algorithm to solve the prob-
lem in the described approach includes the following steps: 
1. At the first step, set  𝑥 = 𝑥0 using the available 
data on bunch lengthening in CEPC and FCCee 
obtained at the nominal bunch current as a result 
of only PWD, i.e. without taking into account BS; 
2. From (1), calculate the BS loss with a current 
value of the bunch length 𝜎𝑧
(𝑖)
= 𝑥(𝑖)𝜎𝑧,𝑆𝑅  ; 
3. Using (3)-(5), find the corresponding energy 
spread 𝜎𝐸
(𝑖)
 in the presence of BS; 
4. Re-calculate the synchrotron tune from (12); 
5. Calculate a new value of the bunch length 
𝜎𝑧
(𝑖+1)
 from (6); 
6. Based on a comparison of 𝜎𝑧
(𝑖)
 and  𝜎𝑧
(𝑖+1)
, either 
repeat the cycle from the point 2 or end the itera-
tion. 
A step-by-step search of a solution takes quite a long time. 
Therefore, by setting the initial length in the suspected re-
gion of existence of the solution, the calculation time can 
be reduced to several minutes.  
The described algorithm corresponds to a situation 
when the beams at the nominal currents are brought into 
collision. An alternative is the sequential accumulation of 
currents to nominal values in colliding beams (the boot-
strapping mode). The algorithm will be complicated by the 
need to recalculate the magnitude of the impedance at each 
step of the current increment. 
Our calculations taking into account the combined ef-
fect of both BS and PWD effects were performed for CEPC 
at energies of 45.5, 80, and 120 GeV (see Table 3) with the 
data on lengthening due to PWD  [2]. For instance, at 45.5 
GeV, the latter is from 2.42 to 5.1 mm.  For FCCee, due to 
the lack of similar data for 80 and 120 GeV,  the calcula-
tions were carried out only for 45.6 GeV (see Table 4). The 
lengthening due to PWD is from 3.5 to 6 mm [6]. For com-
parison, both tables (Table 3 and Table 4) show also the 
results of the simulation by Y. Zhang [14] accounting beam 
lengthening due to the coupling impedance. In the tables, 
the beam length and energy spread are given taking into 
account the already complete energy losses on SR and BS. 
As can be seen from the comparison, even despite such a 
simplification used, the results of semi-analytical calcula-
tions are in reasonable agreement with numerical model-
ing. 
CONCLUSIONS 
Using an approximate method that does not require the use 
of dedicated beam-beam simulation codes, a self-con-
sistent stationary solution of the energy diffusion equation 
with BS is found. 
In addition, an algorithm has been developed for cal-
culating the Beamstrahlung effect taking into account 
bunch lengthening caused by the potential well distortion 
due to beam coupling impedance. 
Table 3. 
CEPC 
E GeV 45.5  
Z(2T) 
45.5  
Z(3T) 
80  120  
Beam-beam simulation with coupling impedance [14] 
σE --- --- 0.00137 
σz mm  --- --- 4.1 
Semi-analytical model (SR+BS+PWD) 
νs/νs0 0.859 0.858 0.868 0.904 
σE 0.000996 0.000993 0.00104 0.00132 
σz mm 7.3 7.3 5.3 4.0 
 
Table 4. 
FCCee 
Energy [GeV] 45.6 
Beam-beam simulation with coupling impedance [14] 
σE  0.00126 
σz  [mm] 12.2 
Semi-analytical model (SR+BS+PWD)  
νs/νs0 0.964 
σE 0.00132 
σz [mm] 12.6 
 
The proposed semi-analytical model has been used to 
calculate the equilibrium values of the bunch length and 
energy spread as well as the synchrotron frequency reduc-
tion for the CEPC and FCCee colliders at their various tar-
get energies.  
A comparison of the data calculated by using the 
model with the available data obtained previously with the 
beam-beam simulation codes has been made. The differ-
ences in the beam length (and energy spread), taking into 
account only BS, are 1.5% for CEPC and about 2% for 
FCCee. Given the combined effects of BS and PWD ef-
fects, these differences do not exceed 3% for CEPC and 
3.5% for FCCee, respectively. 
Thus, the proposed method allows estimating accu-
rately the BS effect, alone and in combination with PWD, 
on the longitudinal beam size, energy spread and synchro-
tron frequency reduction without resorting to a full-scale 
beam-beam simulation. 
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